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1. (30 %). Let M be a positive-definite symmetric (nxn) real matrix; i.e., xTMx > 0
if x # 0 where x is the n x 1 column vector with real entries.

(a). (10%). Show that all the eigenvalues of M are positive.

(b). (10%). Consider the following iterative process: with an initially given unit
yectorvy, forg =1.2,3. ...
(i) Compute u; = Mv;,
(i) Find viyr = wi/ ||uyl],
where |lu;|| denotes the magnitude of u;. Show that if the above process
converges, the sequence {v;, 1 = 1,2,3,...} converges to an eigenvector of M

with the associated eigenvalue approached by il $=1,2,3,..}
(Note that you may assu 18470
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(c). (10%). Solve the foIlo‘#ﬁ%ﬂg
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in terms of the elgglvec ra 3 (\N%e that you may assume
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2. (35%).
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(a). Let a be a positive cons %ﬁ‘fldﬁt).be&o%wuoue function on [0, L], L > 0.
el

(i). (5%). Show that the on%@%
ty' +ay =0
which is bounded as ¢ — 0% is the trivial solution.

(ii) (10%). Let f(0) = b. Show that the equation
ty' +ay = f(2)

has a unique solution which is bounded as ¢ — 0" and find the limit of
this solution as t — 0.

(b). (20%). Given that the equation
ty' —(2t+ 1)y +2y=0 (t>0)

has a solution of the form e for some ¢, find the general solution.
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3. (35%). Consider the Poisson equation

Vip(2,y,2) = f(z,y,2)
in a bounded domain Q enclosed by the surface S with unit outward normal f.

(a). (15%). If the boundary condition is of the Neumann type; i.e., '—‘gf = g{2,9,2)
on the surface .S, show that

/f(fc,y,z)dV=/g($,y, z)ds

s

where dV and ds are the infinitesimal volume and surface elements, respec-
tively. Also provide the p} nt ation of the above equation.
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(b). (20%). For simplicityy imensibnal case in a unit square do-
main ) = (0,1) x 2
1, V(z,y) € Q, a,ngh#.
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Figure 1: Problem 3(b).
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