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# 1. (20 pts) Let {zn}52; and {y.}32, be sequences of non-negative real numbers
satisfying . o .
zn-‘rlsxn'i"rg: yn+lsyn+;: V’I’leN
Can the limits lim z, and lim ¥, always exist, respectively? Prove or disprove
n—r00 n—-00
yOUr answer.
# 2. (30 pts) Let f be a continuous real-valued function on R such that the improper
ge el
Riemann integral / |f(z)| dz converges. Define the function g on R by
- 00
o0
o) = FEeos(ay) do.
—-—00
(i) Must the function g be continuous?(20'pts)
(i) Can the limit lim g(y) always exist? (10.pts)
Y—+00
Prove or disprove all your answers.

# 3. (10 pts) Let the function” f : R+ R® satisfy
7 f(K) is compact whenever K"is compact subset of R? ”. Must f be continuous?
Prove or disprove your answer.

# 4. (20 pts) Let u and v be two real-valued C* functions on R? such that the gradient
Vu is never zero, and such that, at each point, Vu and Vo are linearly dependent
vectors. Given p = (zg,yo) € R2. Must there exist a C* function F of one variable
such that v(z,y) = F(u(z,y))? Prove or disprove your answer.

# 5. (20 pts) Given h: R — R a nonzero smooth function with compact support i.e.

the closure of {z € R : h(z) # 0} is compact. For € > 0, let

00 —
Jooo (8 — y) e Ken)e gy
fi)O K(zy)/e dy ’

006_

u(z) = VzeR,

where K (z,y) = ;(z — y)? + Lh(y) for z,y € R. Answer the following questions:

(1) Can each u, be a smooth function with compact support? (10 pts)
(2) Can the limit liraL u(z) always exist? in what sense? (10 pts)
€—

Prove or disprove all your answers.
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