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Linear Algebra

Instructions: You MUST show your work in order to receive full credit!

1. Let
0 -3 1 2
-2 1 -1 2
A4=1_9 1 1 2
-2 -3 1 4

(a) (10 points) Find the characteristic polynomial of A.
(c) (8 points) Find a Jordan canonical form of A.
oo Ak

(¢) (7 points) Find a matrix B that is similar to e4, where e := D oo G

2. (20 points) Let V be a finite-dimensional inner product space over R or C and let
T:V —V be a linear map. Suppose that all the eigenvalues of T lie in the field. Prove
that V has an orthonormal basis with 'respect to which T is upper triangular, i.e. a matrix
that is zero below the diagonal.

3. Let V be a finite-dimensional ve¢tor 'space.and T': V = V be a linear map. Suppose
that W C V is a T-invariant subspace;te~T(W) € W. Then T induces linear maps

Tlw:W—-Wand T : V/W — VW,
(a) (5 points) Suppose that'T © V' — V'is diagonalizable. Prove that the linear maps
Tlw:W — W and T : V/W ~ V/W are both diagnoalizable.

(b) (10 points) Suppose that Tlw': W — W and T:V/W — V/W are diagonalizable.
Assume in addition that T'|w and T have no common eigenvalues. Prove that T is
diagonalizable.

(¢) (5 points) Show by an example that the additional assumption in (b) cannot be re-
moved.

4. (15 points) Let Mat,x.(F) be the vector space of n x n matrices over F. Let A €
Mat,xn(F) and define a linear map adA : Mat,y,(F) = Mat,xn(F) by the formula

adA(X) = AX — XA, X € Matnyn(F).

Suppose that A is diagonalizable with eigenvalues Ay, -+, A,. Prove that adA is diagonal-
izable. What are the eigenvalues of adA?

5. Let V' be a finite-dimensional vector space and T : V — V be a linear map.
(a) (15 points) Prove that there exists a positive integer & such that V = KerT* @ ImT*.

(b) (5 points) Show by an example that (a) is not true for infinite-dimensional vector
spaces.

XA AR




