M 54 EES FYRITES EEE L P
B RERS

M OEE  AAREAZ THEEFMAEEE | RAFE  ERERAELABR AR -
1. (25 pts) Suppose that (X, Y') have joint probability density function (pdf)

,_ [ VEvem iy -2, f0<s<LyeR
0 otherwise

(a) (10 pts) Find fx(z) which is the marginal probability density function of
X.

(b) (5 pts) Show that the conditional distributional of Y, given X = z, is
normal with mean 2z? and variance 1.

(¢) (5 pts) Find E(Y).
(d) (5 pts) Find Var(Y).

2. (25 pts) Suppose that X, is a random variable having the binomial dlstrlbunon
Bin(n,p), where0 < p < 1,n =1,2,.... Define

v = | log(Xa/n), Xu2>1
Tl A=)

(a) (10 pts) Show that Y;, converges to log p in probability. State your reason-
ing clearly.
(b) (15 pts) Show that +/n(Y, — log p) converges to N(0, (1 — p) /D).
3. (25 pts) Let (Y1, Z1), . . ., (Yn; Z,) be independent identically distributed with

the pdf
/\—lﬂ—le—y/’\e*z/-u_[(o’m) (y)I{O,DO) (Z) 3

where A > 0and & > 0.
(a) (10 pts) Find the MLE of (), u).

(b) (7 pts) Suppose that we only observe X; = min(Y;, Z;} and §; = 1 if
X;=Y;and 6; = 0 if X; = Z,. Derive the distribution of X 1 and &;.

(c) (8 pts) Under the setting of (b), find the MLE of (), ).

with mean 6 and unknown variance 2.

(a) (10 pts) Derive the likelihood ratio statistic A for testing the null hypothe-
sis Hy : 8 = 6, against the alternative hypothesis H, : 8 # 6.
i.e. The likelihood ratio A is defined as the ratio of sup{L{(6, o%)|data) :
8 = 8y} and sup{L{(8, 0?)|data)} where L denote the likelihood func-

tion.
(b) (5 pts) Show that A is a monotone function of the ratio
_ Jnln — (X — 6)
Vo (G — X7
(c) (10 pts) What is the distribution of the statistic 7" when ¢ = 63?7 Justify

your answer.
R AR

4. (25 pts) A random sample X;,..., X, is drawn from a normal distribution






