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1. (30%) Write down on the answer sheet the correct answer to each of the following questions. (Derivations
aepotrequired}  (hmHMEREz TRBMHEE, NKES)
(1) The directional derivative of the scalar function ¢(x,y,2z)=xy— z? evaluated at point (1,-1,1)
along the direction 3i-4k is
@5; ®M1; @©-11/5; @1il/5; (1L

(2) The line integral iE-d[ of the 2-D vector function F = 2—-y 5 i+ 3 ad 3 j evaluated over the
x“+y xT+yc T

closed path C: (3«:—2)2 + (y—2)2 =9 is
@z, OM0; (©)2x; (déx; ()A2.

(3) Let F(r,8) =(~r)e, bea2-D vector function given in terms of polar coordinates (r,0) with e,
and e, denoting the base vectors of the coordinate system, then V-F=7?

@0: & ~1/r%; © Y2 @ Y} @ 2/r%.

Let f (x) Q +Z[a cos( T )+b [%H be 'the Fourier series representation of the function

f{x) overtheinterval ~L<x<L. Answer questions (4)-(6).
(4) Which of the following statements regardmg to the abovc Fourier series is true‘?

@ a,=— f f(x)de; (B)If f () is4noddfunction in [, L], then b, =0 foralln;
(c) b, = —_[L f(x)sin[—]dx; (d) e, = I fL f(x)cos[Tde;

(&) ——f fixdc=a +2(a +b2)

n=l
f(x)=5 x=-2
(5) Ifinthe interval [-2, 2], f(x) isdefined as =—x —2 < x 20, then the Fourier series at
=x2-1 D<x<2

x=2 convergesio
@72, ®M3; (@©0; (D4, {(e)52

(6) Let f(x)=cos? (mc/2} in the interval [-2, 2], then which of the following statements is true?

(@ a,=0 foralln; (b)i(aﬁ-:_bf):l/z;; © a,=Y4; @ a=1; (e)i(aﬁ'+b3)=]/2.
n=l

=]

(7Y Let §(r) denote Dirac delta function and  f(¢) = cost, then the Fourier transform of &(r—2) /(1) is:
(note that Fourier transform is defined as 3{g(1)}= Eo g(e™dr)
(@0: (b e, (o) e_f(“’+2)/a7 o (d) e H?cos2; (e)1.

(8) Let z=x+iy denote complex variable, then which of the following statements is true?
(a) f(2)=1Inz is an analytic function in ~2x <arg(z)<27; (b) 2> +i=0 has infinitely many
complex roots; (c) f(z)= JE\ has a Taylor series expansion about z=0; (d) f(2)={1-cosz)/z
hasasimplepoleat z=0; (&) idz/[z(zz +4)]=0 over the closed circle C: ]z + 3| =
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(9) The residue of the complex function f(z) = sin z/ [z(z+ z')z] at z=-i is
(a) icosi-sini; (b) —isini; (c) —icosi+sini; (d)0; (e) (icosi~sinz’)/2.

(10) What is the value of the complex integral izevzdz,overC: |z|=2'?
(@ 0; (b) 2zi; (c) 4mi; (d) =i, (e) 2m.

2. (10%) Consider the following equation

ou_chu_
o o2
subject to boundary conditions:  #(0,) = u(1,1)=0 (>0
and initial condition:  u(x,0) = sin(sx) cos(sx) (0<x<1)

Solve the problem by using the method of separation of variables. (Other methods are not allowed.)

3. (15%) Find the positive eigenvalues and corresponding eigenfumctions of the Sturm-Liouville problem:
Y+(1+2)y=0, y0)+y(0)=0, ¥x)+y(z)=0

£=2x2—y

4. (15%) Find the general solution of N
*In(x)

5. (15%) Answer the followi'ng quesﬁohs.
{1) Consider a set V, consisting of all the real solution functions® y(x) of the ordinary differential equation:

% - %-}- 9y =0.1s V areal linear vectorspace? If yes, find the dimension and a basis of the
vector space V. ; _
(2) The vector v has components (1,-2,-1) with respect to the basis {(1,-1,1),(1,1,0),(1,0,1)} of R®. Find its
components with respect to the standard basis {(1,0,0),(0,1,0},(0,0,1)}.
(3) Which set or sets of the following vectors can form a basis for R*? (a), (b), (c), and/or (d)?
(a) (1,2-1)and{0,3.1)
(b)) (2,4,-3), (0,1,1),and (0,1,-1)
(©) (1,5.-6),(2,1,8),(3,-1,4), and (2,1,1)
(@) (1,3,-4),{1,4,-3), and (2,3,-11)

6. (15%) Consider the following system of ordinary differential equations

% (1) 1 -1 90
%:Au where u=|w,(f)|e R and 4=|0 0 1
(1) 1 -1 1

(1) Find the eigenvalues and the associated eigenvectors of matrix 4.
(2) Find the exponential of the matrix Ar.
(3) Find the general solution of the system of ordinary differential equations.
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