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1. (10%) The initial conditions y(0) = y,, »'(0)= y,, apply to the following differential equation:
2y —4xp'+4y=0.
For what values of y, and y, does the initial-value problem have a solution ?

0210
2. Counsider the matrix A= 0021
000 2
000 0

{1} (6%) Determine the rank of A.

(2) (6%)LetBbea 4x3 matrix satisfying AB =0, Find the maximum possible value of the rank of B.
(3) {6%) Find the eigenvalues and eigenvectors of A.

(4) (6%} Is A diagonalizable ?

(5) (6%)Let b=[b,b,,b,,b,) . Under what conditions on b (if any) does Ax=b have a soluiion ?

3. Let u(x,¢) denote the displacement of a finite string over 0<x <z with fixed ends, #(0,#)=u(z,)=0.
The string starts to vibrate from its initial states, w#(x,0)=0 and #,(x, 0) = (du/dr),., = x, after an external
force, F(x)=x(x-n), is applied onto it, The subsequent string displacement can be described by a 1-D
inhomogeneous wave equation:

u  _Ju
¥=9¥+F(x) ,for 0<t<e,
(1) (4%) Write u'(x, £)= X(x)I'(#) . Use the homogeneous problem (set (x) =0 with the same boundary
conditions) and the Sturm-Liouville theorem to determine the eigenfunction and the corresponding
eigenvalue, ¢,(x)and 4 , of the problem.

(2) (4%) Find the eigenfunction expansion of the external force: determine the coefficients £,'s in

L3

Fxy=2" 1, 4,0().
Use (1) and (2) to find a solution for the original wave equation in the form of u(x,!}= Z:ﬂlTn(t) ¢, (x):

(3) (4%) Determine a 2" order ODE (ordinary differential equation) that governs T (¢).

(4) (5%} Apply the initial conditions to solve the ODE obtained in (3). Then, complete the solution to the
1-D inhomogeneous wave equation.

4. A periodic function f(x) is sketched below.
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(1) (2%) Write a mathematical description for the function.

o3

{2} (3%) Determine the Fourier series representation, f(x)=a, + ZM a, cos(A, x)+ b, sin(4, x), of the
function; explicitly write outa,, a,,5,, 4, .

(3) (3%) Determine the fundamental period, @, , of the Fourier series. Sketch the amplitude spectrum of the
Fourier coefficients over the frequency range of [0, 4e,].
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(4) (2%) What is Gibbs phenomenon ?

(5) (3%) Is Gibbs phenomenon present in the Fourier series representation for f(x) found in (2)? If yes,
indicate the location where Gibbs phenomenon will be most pronounced over the range -5<x <35.
Otherwise, explain why the current Fourier series representation is free of Gibbs phenomenon.

Write down the answers to the following questions. (Derivations are not required.)

(1) {3%) Evaluate the distance from the point (1, 3, 0) to the plane: x-3y+ J6z=3.

(2) (3%) Let é(x,y,z) =xpz+x2 —2y° beascalar fonction. Evaluate the flux of V¢ out of the
surface of the sphere: x* +y? +2z% =4.

(3) 3%)Let E=re, +rcos@e, +z¢, beavector function written in the cylindrical coordinates
(r,8,z). Evaluate V-F.

{4) (3%) Find the streamlines of the 2-D vector field F =sin(2y)1+cos(x) j.

(5) (3%)Let ¢(x,)) and w(x,») betwo continuous and differentiable scalar functions on a simple
closed curve C and throughout the interior D of C, then

cj‘-qi(aw/@)dr-#gé(aw/ax)ay: II¢V2wdA+ ”[ ]d4. Fill in the blank bracket [ ] in the
C iy D

above identity with proper expression.

Let z=x+iy denote the complex variable, Z=x-iy the complex conjugate ofz, and f(z) a complex
function. Answer the following questions. (Derivations are not required.)

(1) (3%) Find the real part of (1-/)™" if the argument # is restrictedin 0<@<2r.
(2) (3%) Find the residue of the complex function f(z)=z(z-1i) cos(]/ Z*) at z=0.

(3) (3%) Let the Laurent series expansion of f(2)=(z+ i)/ (2* +4) about z=-2i be denoted by

=i+

Z c,(z+2)" which is a convergent series within the annulus 0 < ]z + 2i| <4. Find the sum of the
n=—
] . nz-—l
coefficients ¢, of all negative-power terms; i.e., evaluate E c, =7
H=—o0

(4) (3%) Evaluate the complex integral (j‘ [2/(z+20)%)dz over C: 2] =1.
¢

2 g

(5) (3%) Evaluate the real integral _—
9= COSE +5iné
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